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The history of the Universe is determined by the evolution of a small number of cosmological 

parameters: 

                                                    H(t)      m(t)         r (t)        = cst.        

 i.e. the evolution of the Hubble parameter, the evolution of the densities of matter, of 

radiation and of the density of the vacuum energy.   

Moreover it is practical to introduce the following dimensionless parameters : 
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That way we get the quantities  m(t),   r(t) and  (t) which depend on t via H(t)!                  

Introducing the critical density c,0 which corresponds to a flat Universe today, all cosmological 

models can be specified by the values of the density parameters which we observe today :   
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with the cosmological parameters: 

                                                      H0      m,0      r,0      ,0 

The principal goal of cosmology is to find the evolution of these parameters as a function of 

time. Todays’ values are known with a precision of a few percent (see table at the end): 

             H0   70 kms-1Mpc-1 ,     m,0   0.3,     r,0  5x10-5,     ,0  0.7 

The parameters of the dimensionless baryon density, the densities dark matter and neutrinos, 

respectively, have values which are close to: 

                                           b,0   0.05,     dm,0   0.26,     ,0   0,           

With these parameters the 1st Friedmann equation can be rewritten as 
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Finally we obtain Friedmann’s cosmological equation, which is a function of todays’ 

cosmological parameters: 
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With this we can now discuss the different cosmological models, which follow from Einstein’s 

equations and the cosmological principle.   

 

Friedmann Model with dust ( = matter) only:  ,0 = 0; r,0 =0 

  dx
x

x

H
taHa

a

mm

mm 













 

0

2/1

0,0,0

0,

1

0,

2

0

2

)1(

1
1  

For  m,0 = 1 (k = 0) :               
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For m,0  > 1 (k = 1) :   
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Note : a(t)  evolves like a cycloïde 

For  m,0  < 1 (k < 1) :   
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Friedmann Model with only radiation:  ,0 = 0; m,0 =0 
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For  r,0  = 1 (k = 0) :  
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For r,0 < 1 (k = -1)  and r,0 > 1 ( k= 1) :  
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Spatially flat Friedmann Models:  ,0 = 0; m,0 +r,0  =1; k,0 =0; 
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…this cannot be easily inverted to yield  a(t), but it reduces to the previous results for matter 

only  and  radiation only. 

 

The Lemaître Models  =  Friedmann Models + Cosmological Constant 

For r,0 = 0 and any curvature:  
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…the general solution is complicated, but for small t one finds: 
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…and for large t the solution takes the form: 

                                        tHta 0,0exp)(   

Note : since there is a phase of deceleration (for small t) followed by a phase of acceleration 

(large t), there is an inflexion point a* where the acceleration of a(t) vanishes :  
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Flat Lemaître Models with only matter :   r,0 = 0; m,0 +,0  =1; k,0 =0; 
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This integral is a bit complicated : 

We set       0,0,

32 1/   xy

 

…which implies : 
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Where the + (-) signs correspond to ,0 > 0  and (< 0), respectively. After doing the integrals 

we find:  
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The de Sitter Model  =  Lemaître Model with  r,0 = 0;  m,0 = 0;  ,0  = 1; k=0 
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  The Hubble parameter is now a true constant and the scaling parameter grows 

exponentially:  

                        
   )(3/exp)(exp)( 000 ttcttHta 

 

  The de Sitter model does not have a singularity of the Big Bang type at a finite time and 

distance in the past.  

 

Einstein’s static universe 

This model is interesting for historical reasons! Einstein, looking for a static universe, was 

setting 0 aa  and introduced a cosmological constant with  > 0. Doing so, the Hubble 

parameter is always zero and the other parameters are infinite. For  one gets the relation : 
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or m,0  = c2 /(4G) = 2,0. Since  > 0, we have also k = +1. With m,0  3x10-27 kg/m3 one 

finds a0  2x 1026 m  6000 Mpc and   2.5 x 10-53 m-2. These values could not be verified 

experimentally at that epoch. However the model requires an extremely fine adjustment of  

in order to obtain a static Universe, in fact one obtains an unstable equilibrium.   

                               Einstein : « my biggest blunder» 

 

 

  

 

 

 



 

 
(Ref. : http://pdg.web.cern.ch/pdg/2012/reviews/rpp2012-rev-cosmological-parameters.pdf) 
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(Ref. : http://pdg.web.cern.ch/pdg/2012/reviews/rpp2012-rev-cosmological-parameters.pdf) 

 

 

 

  


